A closed topological n-manifold M n is of S 1 -category 2 if it can be covered by two open subsets W1,W2 such that the inclusions Wi → M n factor homotopically through maps Wi → S 1 . We show that for n > 3 the fundamental group of such an n-manifold is either trivial or infinite cyclic.
Introduction
The concept of the A-category of a manifold was introduced by Clapp and Puppe [1] . For a closed, connected n-manifold M it is defined as follows: Let A be a closed connected k-manifold, 0 ≤ k ≤ n − 1. A subset B in the 3-manifold M is A-contractible if there are maps ϕ : B −→ A and α : A −→ M such that the inclusion map i : B −→ M is homotopic to α · ϕ. The A-category cat A M of M is the smallest number of sets, open and A-contractible needed to cover M . Note that 2 ≤ cat A M ≤ n + 1. For A a point P we obtain the classical Lusternik-Schnirelman category cat M = cat P M . We are interested here in the case A = S 1 .
In dimension 3, cat M 3 = 2 if and only if π 1 (M 3 ) = 1, hence by the Poincaré conjecture cat M 3 = 2 if and only if M 3 = S 3 . In [5] it was shown that cat M 3 = 3 if and only if π 1 (M ) is a non-trivial free group, hence it follows from the Poincaré conjecture cat M 3 = 3 if and only if M 3 is a connected sum of S 2 -bundles over S 1 . It was conjectured that also for dimensions n > 3, cat M n = 3 implies that π 1 (M ) is a non-trivial free group. This was proven to be true in [3] .
In [6] it was shown that for a closed 3-manifold M 3 we have cat S 1 M 3 = 2 if and only if π 1 (M 3 ) is cyclic. By results of Olum [10] and Perelman [9] this implies that cat S 1 M 3 = 2 if and only if M 3 is a lens space or M 3 is the non-orientable S 2 -bundle over S 1 . For the case n > 3 we showed [6] that cat S 1 M n = 2 implies that π 1 (M n ) is cyclic or a nontrivial product with amalgamation A * C B of cyclic groups. In this paper we show that in this case π 1 (M n ) is in fact cyclic (Corollaries 1 and 2):
Theorem: If M is a closed n-manifold for n > 3 and with cat
The paper is organized as follows: In section 2 we relate cat M to cat K M for a 1-dimensional CW-complex K to show that for n > 3, π 1 (M ) is either trivial or infinite. In section 3 we describe the main technique used in [6] , the graph of groups associated to a decomposition of M into two S 1 -contractible submanifolds, and review the propositions of [6] needed for our proof. Homology considerations are then used to obtain the Theorem in the orientable case. Finally in section 4 we prove the Theorem in the non-orientable case.
In particular, when cat S 1 M n = 2, there are two open subsets W 0 , W 1 of M such that M = W 0 ∪ W 1 and for i = 0, 1, there are maps f i and α i as in the diagram below, such that the inclusion
In the next lemma we assume that α : K → M is an inclusion map. We can do this by the following Remark 1. Every map of a finite 1-complex into an n-manifold, n ≥ 3, is homotopic to an embedding.
This follows since such a map can be approximated by an embedding ( [2] , Corollary 26.3A).
Lemma 2. Let K be a cell-complex of dimension < n embedded in M and let
Proof. There is a map f : W → K ⊂ M and a homotopy h t : W → M such that h 0 is the inclusion and h 1 = f . Defineh 0 :W →M to be the inclusion. By the homotopy lifting theoremh 0 extends to a homotopyh t :W →M such thath 1 
is contractible inM and thereforeh 0 is homotopic to the constant map.
We now consider K = S 1 .
Proposition 1. Suppose M is a closed n-manifold for n > 3 with cat S 1 M = 2. Then π 1 (M ) is trivial or infinite.
Proof. Suppose π 1 (M ) is finite and non-trivial. For the universal coverM of M , a cover {W 1 , W 2 } of M by S 1 -contractible subsets lifts to a cover {W 1 ,W 2 } ofM by (inM ) contractible subsets (Lemma 2). Hence catM = 2 andM is a (homotopy) n-sphere ( [4] ). By a theorem of Krasnosel
The orientable case
The next proposition asserts that instead of open sets we can choose compact submanifolds intersecting only along their boundary. Proposition 2. Let M be an n-manifold with cat S 1 M = 2. Then M can be expressed as a union of two compact S 1 -contractible n-submanifolds W 0 , W 1 such that W 0 ∩ W 1 = ∂W 0 ∩ ∂W 1 is a properly embedded (n − 1)-submanifold F . Hence for i = 0, 1, there are maps f i and α i such that the diagram ( * ) is homotopy commutative. Furthermore for n > 2, we may assume that α i is an embedding and α i (S 1 ) does not intersect W 0 ∩ W 1 .
This follows from Corollary 1 and Proposition 1 of [6] ; the hypothesis that M be closed is not used in the proofs. (The statement that we may assume that α i is an embedding was used without justification in [6] , but follows from Remark 1).
For a decomposition as in proposition 2, we consider the graph G of (M, F ). The vertices correspond to the components W 
By abelianizing π 1 (M ) = G(X 0 ) * G(F ′ ) G(X 1 ) (and noting that G(X i ) and G(F ′ ) are cyclic) we obtain the "abelianized free product with amalgamation" Proof. The proof is similar to that of Lemma 3, taking Z 2 coefficients.
Corollary 2. If M is a closed non-orientable n-manifold for n > 3 and with
Proof. As in the proof of Corollary 1 we obtain M as a union of two S 1 -contractible submanifolds as in Propositions 2 and 3. Then
where the images of G(X 0 ) and G(X 1 ) in H 1 (M ) are the images of H 1 (W 0 ) and 
